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Convergence in distribution

Formal de�nition: an
D�! a, if for every c, for which distribution F

is continuos:
lim
n�!∞

Fn (c) = F (c) ,

where Fn (�) is distribution of an and F (�) is distribution of a
Informal de�nition: sequence of random variables an converge in
distribution to F (�) if for large n distribution of an become �very
close� to distribution given by F (�).

Jerzy Mycielski () Econometrics 2009 2 / 26



Convergence in distribution

Distribution of random variable
p
n (x�µ)

σ2
, where xi s χ22
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Convergence in distribution

Distribution of random variable
p
n (x�µ)

σ2
, where xi s χ22
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RESET test

RESET: Regression Speci�cation Error Test
Null and alternative hypothesis

H0 : yi = xiβ+ εi

H1 : yi = f (xi ) + εi

Auxiliary regression

yi = xi bβ+ α1by2i + . . .+ αpbyp+1i + bui
Test statistics F for H0 : α = 0.
Second form:

ei = xi bβ+ bzibα+ bui
Test statistics LM = NR2

D�! χ2p where bzi = �by2i , . . . , αpbyp+1i

�
Interpretation of the test result:

H0 rejected =)functional for of the model is invalid
Consequences of the rejection of H0 : if the functional form is invalid
then the for of the dependence between yi , xi and β is also unknown
and nothing can be said about the features of OLS estimator.Jerzy Mycielski () Econometrics 2009 5 / 26



Jarque-Bera Test

Null and alternative hypothesis:

H0 : ε s N
�
0, σ2I

�
H0 : ε � N

�
0, σ2I

�
Test statistics

LM = N

264bθ21
6
+

�bθ2 � 3�2
24

375 D�! χ22

where bθ1 = ∑n
i=1 e

3
i /nbσ3 skewnessbθ2 = ∑n

i=1 e
4
i /nbσ4 kurtosis

bσ = q∑n
i=1 e

2
i

n standard error
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Jarque-Bera Test

Interpretation of the test result:

H0 rejected =) distribution of the error term is not normal

Consequences of the rejection of H0 : assumption of normality of error
terms is used when we derive the small sample distribution of
estimators and tests statistics. If this assumption is invalid we can
only use the asymptotic distributions.
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Chow test

Null and alternative hypothesis

H0 : β1 = β2 = . . . = βm
H1 : βr 6= βs for some r , s
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Chow test
Time series

At time t� parameters of the model are changing (structural change in the
economy

y D o p a s o w a n e   y

1 okres 2 okres
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Chow test
Cross section

Subsample of the sample should be described with a di¤erent model than
the rest of sample

1 grupa 2 grupa

Populacja
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Estimated model

yi = ∑m
s=1 Qs ,ixiβs + εi , ε s N

�
0, σ2IN

�
Qs ,i =

�
1 if observation i belongs to subsample s
0 if observation i does not belong to subsample s

We test for H0 : β1 = β2 = . . . = βm
The form of the test statistics:

F =
(SR �∑i Si )

�
[K (m� 1)]

∑i Si
�
(N �mK )

s FK (m�1),N�mK

where Si is the residual sum of squares for model estimated on
subsample i and SR is the residual sum of squares for model
estimated on the full sample
Interpretation of the test result:

H0 rejected =) parameters of the model are not stable

Consequences of the rejection of H0 : model should not be estimated
on full sample. However, it is often possible to �nd subsample for
which parameters are stable.
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Forecast test

Null and alternative hypothesis

H0 : yF = XF β+ εF

H1 : yF 6= XF β+ εF
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Forecast test
time series

y

o k r e s   e s t y m a c j i   Do k r e s   p r o g n o z y   F

D o p a s o w a n e   y

Jerzy Mycielski () Econometrics 2009 13 / 26



Forecast test
cross section

Populacja

Obserwacje
testowane
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Estimation and forecast period:

1, . . . , n| {z }
estimation period

n+ 1, . . . , n+ g| {z }
forecast period

Statistics:

F =
(SE+F � SE )

�
g

SE/ (N �K )
s F (g ,N �K )

where SE+F is residual sum of squares for the model estimated on full
sample and SE is residual sum of squares for the model estimated
only on the data from estimation period

Interpretation of the test result:

H0 rejected =) we reject the hypothesis, that the observations
n+ 1, . . . , n+ g are coming from the same model as observations for
1, . . . , n

Consequences of the rejection of H0 : is is not possible to generalize
the results of estimation for 1, . . . , n for observations n+ 1, . . . , n+ g
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Goldfelda-Quandt test

Null and alternative hypothesis

H0 : Var (εi ) = σ2 for i = 1, . . . ,N
H1 : Var (εi ) > Var (εj ) for zi > zj
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Goldfelda-Quandt test
test procedure

sort in descending
order according to zi

observations

z1 x1 y1

#
...

...
...

zn1 xn1 yn1

9>>=>>; group 1
n1 observations

zn1+1 xn1+1 yn1+1

#
...

...
...

zn1+c xn1+c yn1+c

9>>=>>; c omitted
observations

zn1+c+1 xn1+c+1 yn1+c+1

#
...

...
...

zn1+n2+c xn1+n2+c yn1+n2+c

9>>=>>; group 2
n2 observations
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We regress yt on X separately for group 1 and for group 2
Test statistics:

e01e1
�
(n1 �K )

e02e2
�
(n2 �K )

s F (n1 �K , n2 �K )

Interpretation of the test result:

H0 rejected =) we reject hypothesis, that the variance of error term is
the same for all the observations

Advantage of Goldfeld Quandt test: can be used for small samples

Disadvantage: variance can only depend monotonically on one
variable
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Breusch-Pagan test

Null and alternative hypothesis

H0 : Var ( εi j zi ) = σ2 for i = 1, . . . ,N
H1 : Var ( εi j zi ) = σ2i = σ2f (α0 + ziα)

Test procedure:

1 Estimate base model
yi = xiβ+ εi

2 Estimate auxiliary regression e2ieσ2 on zi
3 Use one of the statistics:

1
2
ESS

D�! χ2p

nR2
D�! χ2p

where p is the number of variables included in zi
test advantages: more general form of heteroskedasticity
disadvantages: only the asymptotic distribution is known
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Durbin-Watson test

Null and alternative hypothesis

H0 : Cov (εt , εt�1) = 0
H1 : Cov (εt , εt�1) 6= 0

We estimate base model

yi = xiβ+ εi

On the basis of residuals from base regression we construct the
statistic
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Durbin-Watson test

DW =
∑T
t=2 (et � et�1)

2

∑T
t=1 e

2
t

=
2∑T

t=1 e
2
t � 2∑T

t=2 etet�1 � e21 � e2T
∑T
t=1 e

2
t

= 2
�
1� bρεt ,εt�1

�
� e

2
1 + e

2
T

∑T
t=1 e

2
t

p�! 2
�
1� ρεt ,εt�1

�
as from Law of Large Numbers we know, that bρεt ,εt�1

p�! ρεt ,εt�1
and

e21+e
2
T

∑T
t=1 e

2
t

p�! 0.
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Durbin-Watson test

1 Inference in the case of DW test looks as follows:

1 if DW < 2

1 DW < dL we reject H0 of no autocorrelation and accept the alternative
of positive autocorrelation

2 dL < DW < dU no conclusion
3 DW > dU we cannot reject H0 of no autocorrelation

2 if DW > 2

1 DW > 4� dL we reject H0 of no autocorrelation and accept the
alternative of negative autocorrelation

2 4� dU < DW < 4� dL no conclusion
3 DW < 4� dU we cannot reject H0 of no autocorrelation

The reason why the DW statistic have no conclusion region is the
dependence of the distribution of this statistics from the form of the
X matrix.
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Distribution of Durbin-Watson test

0 1 2 3 4dL dU 4dU 4dL

advantages of DW test: small sample test
disadvantages of DW test:

no conclusion region
can only detect the autocorrelation of the �rst order E [εt εt�1 ] 6= 0
cannot be used if the lagged dependent variable is included in the mode
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Breusch-Godfrey test

Null and alternative hypothesis:

H0 : Cov (εt , εt�i ) = 0 where i = 1, . . . , s
H0 : εt = γ1εt�1 + . . .+ γs εs + ut where Var (u) = σ2uI
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Breusch-Godfrey test

Test procedure:

1 We estimate base model

yi = xiβ+ εi

2 We regress the residuals from base regression on explanatory variables
and lagged residuals

et = xtµ+γ1et�1, . . . ,γset�s

3 We test for autocorrelation by testing in auxiliary regression the
hypothesis

H0 : γ1 = . . . = γs = 0

it can be done with statistic F or the statistic

TR2
D�! χ2s ,

where R2 is coming from auxiliary regression.
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test advantages: more general form of autocorrelation

disadvantages: only the asymptotic distribution is known
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