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ARCH(1)

ARCH (1) Model (Autoregressive Conditional
Heteroskedasticity)

yt = xtβ + εt

εt = ut

√
θ0+θ1ε2

t−1

where ut ∼ N (0,1), ut is independent from εt−1 and
E (εt |xt ,εt−1) = 0
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Dow Jones
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ARCH(1)

Unconditional variance of εt is constant

Var (εt) = E
(
ε

2
t

)
= εt = E

(
u2
t

)
E
(
θ0+θ1ε

2
t−1
)

= θ0+θ1Var
(
ε

2
t−1
)

If the data generating process is stationary then
Var

(
ε2
t

)
= Var

(
ε2
t−1
)
= . . .

Solving for Var (εt) we obtain:

Var
(
ε

2
t

)
=

θ0

1−θ1

Assumptions of CLRM are fullfiled - OLS is best linear
unbiased estimator of β
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ARCH cont.

But conditional heteroscedasticity make possible to find more
efficient nonlinear eestimators of β

Variance of εt is not constant conditionally:

Var (εt |εt−1) = E
(

ε
2
t

∣∣εt−1
)
= θ0+θ1ε

2
t−1

General form of ARCH (q)

yt = xtβ + εt

εt = utσt

σ
2
t = θ0+θ1ε

2
t−1+ . . .+θqε

2
t−q

Notice that model discribin variance is similar to MA(q)
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ARCH test

Test for conditional heteroscedasticity of order q:

1 make regression of yt on xt
2 squere residuals from this regression
3 make auxliary regression of e2

t on e2
t−1, . . . ,e

2
t−q

4 calculate statitic LM = TR2 ∼ χ2
q
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GARCH

GARCH (p,q) Model (Generalized Autoregressive Conditional
Heteroskedasticity) is similar to ARMA(p,q) model

yt = xtβ + εt

εt = utσt

σ
2
t = α1σ

2
t−1+α2σ

2
t−2+ . . .+α2σ

2
t−p+θ0+θ1ε

2
t−1+ . . .+θqε

2
t−q

Jerzy Mycielski Autoregressive conditional heteroskedasticity



ARCHM

ARCHM (ARCH in Means) model:

yt = xtβ +δσ
2
t + εt

εt = utσt

σ
2
t = θ0+θ1ε

2
t−1+ . . .+θqε

2
t−q

In ARCHM model changes of variance influence mean
This model is used in finance where it is often assumed that
prices depend on risk (variance)
Parameterδ is then related to risk aversion
As higher risk should be compensated with higher expected
return, then this parameter should be positive

Jerzy Mycielski Autoregressive conditional heteroskedasticity


