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Abstract

The main objective of this work is to construct a model that could
be used to study investment dynamics, house prices, real estate returns
and the equity premium within the same uni…ed framework. The second
objective is to show that the introduction of habit formation and resi-
dential real estate in the utility function provides an explanation of the
puzzling volatility of house prices. To address these issues, we construct a
two-sector model composed of a real estate sector and of a non-residential
sector. The main contribution of this work is to show that an extended
version of the standard neoclassical model is able to generate theoretical
moments and risk premiums that are in line with the stylized facts.
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1 Introduction
According to data on gross domestic product by industry, in America, real estate
accounts for 15% of total value added1 . Moreover, many more people own homes
than own shares. In nearly all the big developed economies, well over half of
all households are home-owners. In most of Europe and Australia, housing
accounts for 40-60% of total household wealth, and in the United States for
about 30%. And even in America the typical household on an average income
holds six times as much wealth in residential property as in shares2 .

Yet, as far as explaining the behavior of asset prices is concerned, while the
case of equity and bond prices has been extensively treated, when it comes to
the relationship between real estate and the business cycle, very little is known.
And whereas modelling the housing sector has become central to the process

¤This project has bene…ted from the comments and suggestions of Pascal St-Amour. Any
remaining errors are my own responsibility.

1 Source: Bureau of Economic Analysis (BEA)
2 Source: The Economist, Survey Property: House of Cards, May 29th 2003
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of macroeconomic forecasting, some key aspects of real estate market activity
remain di¢cult to explain. As shown by Davis and Heathcote (2003), while
multi-sector models can be quite successful at accounting for the high volatility
of residential investment, explaining simultaneously this volatility and the fact
that house prices are more volatile than output remains challenging3 .

The work linking the macroeconomy to real estate returns is even more lim-
ited. While extended versions of the standard neoclassical model [see Jermann
(1998), Boldrin, Christiano and Fisher (2001)] are able to generate an equity
premium which is in line with the empirical evidence, there is little work study-
ing real estate returns using a dynamic general equilibrium approach. Moreover,
the dynamics of dividends and the volatility of investment being closely linked,
introducing a residential sector in the standard model gives rise to an inter-
esting question. In addition to the volatility of house prices, is it possible to
build a model that could account for the fact that residential investment is
twice as volatile as non-residential investment? Is it possible to reproduce these
facts in a model that could also explain the risk premium on real estate returns
and the equity premium? As noted by Leung (2004), very few studies have
attempted to construct a model that could be used to study investment dynam-
ics, house prices, real estate returns and the equity premium within the same
uni…ed framework.

The main objective of this paper is to contribute to close this gap. The sec-
ond objective is to show that the introduction of habit formation and residential
real estate in the utility function provides an explanation of the puzzling volatil-
ity of house prices. To address these issues, we construct a two-sector model
[see Baxter (1996)] composed of a real estate sector and a non-residential or
numeraire sector. Dividends in the non-residential sector can be used to study
equity returns, and similarly dividends in the real estate sector are used to de-
rive real estate returns. We then assess whether the model that is developed is
able to account for the empirical facts. To be successful, the candidate model,
in addition to the standard stylized facts, will thus have to be able to explain
the risk premiums on both the residential and the non-residential sector, the
low risk free rate, both residential and non-residential investment dynamics, the
volatility of house prices, the volatility of real estate investment trust prices, the
volatility of equity prices and the fact that the three assets under consideration
are less correlated with output than the other macroeconomic variables.

The main contribution of this paper is to show that an extended version
of the standard neoclassical model is able to generate theoretical moments and
risk premiums that are in line with these stylized facts. As far as accounting
for asset market fact is concerned, as in Jermann (1998), the key ingredients
that allow the model to successfully reproduce the equity premium and the
risk premium on real estate returns are the introduction of habit persistence
in consumption and capital adjustment cost. When it comes to explaining the
volatility of house prices, we …nd that adding a real estate sector producing
residential real estate services, introducing land in the production function of

3 In their models, house prices are found to be less than half as volatile than output.
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the non-residential sector and allowing households to accumulate residential real
estate over time are key modi…cations to the standard neoclassical model.

2 Relevant Literature
Following the literature on asset pricing in production economies initiated by
Jermann (1998) [see also Jermann (1994)], Boldrin, Christiano and Fisher (2001)
show that a model with limited sectorial mobility is also able to explain the
equity premium and the risk free rate while allowing labor to be determined
endogenously. When it comes to the link between the equity premium puzzle
and house prices, Piazzesi, Schneider and Tuzel (2003) show that adding housing
services in the utility function helps to generate asset market implications that
are more consistent with the empirical facts.

As far as the distinction between residential and commercial real estate is
concerned, the model developed by Kan, Kwong and Ka-Yui Leung (2000) al-
lows to di¤erentiate between the two assets. However, they only consider the
interaction between prices and output and the implications of the model in terms
of asset pricing are not developed. Moreover, in contrast to the traditional lit-
erature on business cycles, the behavior of other important variables related to
the cycle such as investment are not studied.

Some recent contributions have investigated the link between house prices
and the macroeconomy in arti…cial economies subject to credit constraint. Since
Bernanke and Gertler (1989), various authors, including Kiyotaki and Moore
(1997), Calstrom and Fuerst (1997) and Bernanke, Gertler and Gilchrist (2000)
have presented dynamic micro founded models where frictions in the …nancial
markets exacerbate output ‡uctuations in response to aggregate disturbances.
Following this literature, Iacoviello (2003) introduces real estate in an economy
composed of agents facing binding borrowing constraints and where real estate
plays the role of a collateral used to secure loans. Similarly, Aoki, Proudman
and Vliegh (2002) construct a …nancial accelerator model where house prices
amplify ‡uctuations in consumption and housing investment over the business
cycle. As explained by Iacoviello (2003), this literature is based on the view
that deteriorating credit market conditions, such as growing debt burden and
falling asset prices, are not simply passive re‡ections of a declining economy,
but are themselves a major factor depressing the economy.

However, as noted by Iacoviello (2003), while it is accepted that capital mar-
ket imperfections matter for economic activity, there is still controversy about
the quantitative relevance of these frictions at the aggregate level. In a recent
study discussing the main forces that are the most likely to have caused the
Great Depression, Chari, Kehoe and McGrattan (2003) reach the conclusion
that, to the extent that monetary shocks drove the Great Depression, the mech-
anisms advocated by Bernanke and Gertler (1989) could explain neither the
important fall in output from 1929 to 1933 nor the recovery after 1933 that
have been documented. While the debate is still ongoing, according to the re-
sults of Chari, Kehoe and McGrattan (2003), it seems that building models
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based on credit market imperfections is not likely to yield a very high payo¤.
Following the home production literature [see Benhabib, Rogerson and Wright

(1991), Greenwood and Hercowitz (1991)] in addition to the multi-sector growth
literature that begins with Long and Plosser (1983), Davis and Heathcote (2003)
build a neoclassical multi-sector stochastic growth model in order to explain the
dynamics of residential investment. While successful in explaining the behav-
ior of the main macroeconomic aggregate as well as the behavior of residential
and non-residential investment, the model developed by these authors fails to
account for the observed volatility of house prices in the USA. In their model,
house prices are found to be less than half as volatile as output while in the
data house prices are more volatile than output.

As for residential investment and house prices, Jin and Zeng (2003) develop
a three-sector model driven by three di¤erent productivity shocks and one mon-
etary shock. While the model is quite successful at accounting for some of the
salient business cycle properties concerning residential investment and house
prices, the fact that a large number of exogenous shocks are needed to generate
these conclusions is somewhat unsatisfying. Moreover, the dynamics of some
key macroeconomic variables such as aggregate consumption are not studied.

There is another strand of literature that considers the role of housing
in incomplete market environments. These models typically either focus on
steady states [see Platania and Schlagenhauf (2000) or Fernandez-Villaverde
and Krueger (2002)] or else abstract from the production side of the economy
[see Diaz-Gimenez, Prescott, Fitzgerald and Alvarez (1992), Peterson (2003),
and Ortalo-Magne and Rady (2001)]. But, as explained by Davis and Heath-
cote (2003), while frictions such as poorly functioning rental and mortgage mar-
kets are likely to be important in accounting for cross-sectional issues, it is not
obvious that they are important for housing dynamics at the aggregate level.

As for empirical evidence on the determinants of real estate returns, McCue
and Kling (1994), employing an unrestricted vector autoregressive model reach
the conclusion that macroeconomic variables explain approximately 60% of the
variations in real estate returns. However, while shocks to nominal interest rates
are found to have a signi…cant negative in‡uence on returns, the impact of other
sources of ‡uctuations that are often used in the macroeconomic literature, such
as productivity shocks, are not investigated [see Christiano, Eichenbaum and
Vigfusson (2003)].

3 Stylized Facts, Questions and Assumptions
As proposed by Prescott (1986), one way of evaluating the predictions of a
theoretical framework is to compare moments that summarize the actual expe-
rience of an economy with similar moments from the model. In our context, the
key moments to replicate are presented in table 1, where byT

t ; bct ;bir
t ; bit

nr
and bph

t
denote respectively output, consumption, residential investment, non-residential
investment and house prices. House price data are provided by the Bank for
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International Settlement4 . The remaining series can be found on the website
of the Federal Reserve Bank of St-Louis. All series are available quarterly. To
generate the empirical moments, the variables are, …rstly, de‡ated using CPI
in‡ation and expressed in logarithm. Secondly, to be able to compare the data
with the model solution (see the transfomed model in the technical appendix,
section 11.1), the deterministic trend of output is removed from all series5 . The
cyclical component is then computed by subtracting the logarithm of the HP
…ltered series from the logarithm of the actual detrended series. We denote
variables that have been subject to this transformation by a hat.

Second, following McCue and Kling (1994), we use Real Estate Investment
Trust (REIT) data as a proxy for real estate returns. The NAREIT Real-Time
index, which includes all real estate investment trust currently trading on the
New York Stock Exchange, the NASDAQ and the American Stock Exchange
and for which monthly historical statistics from 1972 are available, is used. The
advantage of working with …nancial data is that price indices as well as total
return indices are provided. Price indices and total return indices are available
from DATASTREAM. We denote by bpr

t the cyclical component of the price
index describing the evolution of real estate investment trust prices and by rr

the average total return. Similarly, we use the MSCI equity index as a proxy for
equity prices of the non-residential sector and bpe

t denotes the cyclical component
of the price index whereas re is the average total return. The average risk free
rate, rf ; is computed using the three month treasury bill rate and CPI in‡ation6 .
The risk premiums on equity returns and on real estate returns are respectively
denoted by ¼e and ¼r :

Table 1: Empirical Moments USA (1970-2002)7

Empirical
M oments ¾bxt

¾bxt
¾ byT

t

corr(bxt ; byT
t )

byT
t 1.58 1 1
bct 1.28 0.81 0.85
bir

t 10.52 6.66 0.73
binr

t 5.03 3.18 0.80
bph

t 2.16 1.37 0.65
bpe

t 11.53 7.3 0.44
bpr

t 11.9 7.53 0.46

4 Collected from national source

5 The linear trend extraction has no impact on the variance and the correlation with output
of the HP …ltered series.

6 Source: Federal Reserve Bank of St-Louis for the three month treasury bill rate and CPI
in‡ation

7 ¾bxt denotes the standard deviation of the cyclical component of the serie, and ¾bxt=¾byT
t

the relative standard deviation of the serie with respect to output.
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Table 2: Risk Free Rate, Real Returns and Risk Premiums USA
(1970-2002)

Risk Free Rate
(Annualized%)

rf 1:45

Real Returns
(Annualized%)

Risk Premiums
(Annualized%)

re 7:41 ¼e 5:96
rr 7:29 ¼r 5:84

As can be seen in table 1, while residential investment, birt ; is more than 6
times as volatile as output and twice as volatile as non-residential investment,
binr

t ; house prices, bph
t ; are only slightly more volatile than output. Moreover,

while the correlation between house prices bph
t and output is positive, house prices

are less correlated with output than the main macroeconomic variables. Real
estate investment trust prices, bpr

t and equity prices, bpe
t ; are also signi…cantly

less correlated with output than consumption and both residential and non-
residential investment.

In the context of production economies with a representative non-residential
sector [see Jermann (1998)], the equity premium puzzle stems from the fact
that non-residential investment is highly volatile. In a competitive equilibrium,
dividends being de…ned as the capital share of output less investment8 , follow-
ing a productivity shock, while consumption respond positively, the signi…cant
increase in non-residential investment o¤set the positive e¤ect that the shock
has on dividends and as a result dividends respond negatively. This negative
co-movement between consumption and dividends (or positive co-movement be-
tween marginal utility and dividends) that is generated by the standard model
implying that the risk associated with holding equities is low, is hard to recon-
cile with the empirical facts and with an equity premium as high as 5.96% (see
table 2).

When it comes to explaining the risk premium on real estate returns, ¼r ; and
the high volatility of residential investment, bir

t (see table 1 and 2), integrating
a real estate sector into the analysis gives rise to some serious complications.
Firstly, the di¢culty to account for the high risk premium will be even greater
since the negative impact on real estate dividends caused by the large response of
residential investment will be even more pronounced. The negative co-movement
between consumption and real estate dividends should thus be even greater
than in the non-residential case. However, as reported in table 2, despite the
signi…cant di¤erences in residential and non-residential investment dynamics,
the risk premium on real estate returns and the equity premium are almost
identical.

8 In the competitive equilibrium, dividends are given by: dt = yt ¡WtNt ¡ it = »yt ¡ it
where » denotes the capital share of output in the production function.

6



To be successful, the candidate model, in addition to the standard stylized
facts, will thus have to be able to explain the risk premiums on both the residen-
tial and the non-residential sector, the low risk free rate, both residential and
non-residential investment dynamics, the volatility of house prices, the volatility
of real estate investment trust prices, the volatility of equity prices and the fact
that the three assets under consideration are less correlated with output than
the other macroeconomic variables.

While introducing sector speci…c productivity shocks, is often convenient
to account for the di¤erences in dynamics describing two sectors [see Baxter
(1996)], in this work it will be assumed that the technology available is the same
for each representative …rms in the two sectors and that technology shocks are
the dominant source of business cycle ‡uctuations. The real estate industry
being composed of many di¤erent activities ranging from residential services to
construction, we …nd more natural to assume that the non-residential good pro-
ducer and the real estate service producer are equally a¤ected by technological
change and that within the same country there are no barriers to technology
adoption. We thus restrict the analysis to the existence of one single aggregate
technology shock. The di¤erences in dynamics that the model will produce for
the two sectors will therefore not arise from the speci…cation of the exogenous
process.

4 The Model
The economy is composed of a representative agent, as well as two sectors,
a numeraire or non-residential sector and a real estate or residential sector,
denoted respectively by e and r . The …rst sector produces a consumption good
while the second sector produces a composite real estate good. The numeraire
sector uses capital, labor and land to produce, and capital is owned by the …rm.
As for the real estate sector, following Davis and Heathcote (2003), the …nal real
estate good is produced using residential structures and labor as inputs. In both
sectors, the accumulation of the capital stock and of the residential structure
stock can be …nanced through retained earnings. There is an initial endowment
of land owned by the real estate service producer and which can be rented to
the …rms in the non-residential sector.

To ensure steady state growth, technical progress, ¡t; is introduced and is
assumed to take a labor augmenting form [see King, Plosser and Rebelo (2002)]
and the transformed economy can be de…ned in terms of stationary variables (see
the technical appendix, section 11.1). The law of motion for ¡t which denotes
the deterministic component of growth evolves according to:

¡t+1

¡t
= °
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4.1 The Consumers
As far as de…ning preferences is concerned, as in the standard case, the represen-
tative consumer …rstly receives utility from consuming the numeraire consump-
tion good and secondly from the consumption of services from the real estate
good. Following the literature on habit formation we assume that agents can
accumulate stocks of both the consumption good and of the real estate com-
posite good. Formally, both stocks evolves according to the following laws of
motion:

°xc
t+1 = acxc

t + bcct (1)

°xh
t+1 = ahxh

t + bhhr
t (2)

where ct and hr
t denote respectively the service ‡ow of a standard consump-

tion good and the service ‡ow of a composite real estate good and ° is the
quarterly growth trend rate (see the technical appendix, section 11.1). We de-
…ne xh

t as the stock of residential real estate. The stock of residential real estate
in period t+1 is given by the sum of the stock of the current period, xh

t ; adjusted
for depreciation, ah; and the service ‡ow of the real estate good of the current
period, hr

t : The parameter bh, where 0 · bh · 1; represents the share of the
composite real estate good that can be used to increase the stock of residential
real estate held by the household.

Similarly, xc
t+1; denotes the stock of the consumption good accumulated by

the agent. This speci…cation of what we interpret as accumulation of the con-
sumption good is equivalent to the speci…cation adopted in Boldrin, Christiano
and Fisher (2001) or Fuhrer (2000) where the evolution of the stock of habit is
de…ned as in (1).

The representative agent maximizes expected lifetime utility given by:

U = E0

( 1X

t=0

¯¤tut(ct; xh
t ; hr

t ; xc
t)

)

where:

ut(ct ; xh
t ; hr

t ;x
c
t) =

1
1 ¡ ¾

£
(ct ¡ mcxc

t)
·(hr

t ¡ mhxh
t )1¡·¤1¡¾

and where ¯ ¤ is the modi…ed subjective rate of time discount (see the tech-
nical appendix, section 11.1) and ¾ the coe¢cient of risk aversion.

This speci…cation of utility will allow us to consider several interesting cases.
First, if mc and mh are set to zero, as in the standard case with leisure, both
goods are substitutes [see Baxter and Crucini (1993), Jermann (1994)]. The
sign of the two coe¢cients mc and mh will allow us to choose between habit
and durability. If the two coe¢cients are positive, the agent develops habits for
higher or lower consumption of ct and hr

t . In contrast, in the case of durability,
the coe¢cients are negative, and instead of depending on the di¤erence between
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current and past levels, current utility will continue to being positively in‡uenced
by levels of consumption taken during past periods.

When it comes to choosing the value of these parameters, some interpretation
can be helpful. In terms of this notation, the case studied in Jermann (1998)
where utility is de…ned as:

1
1 ¡ ¾

[(ct ¡ (mc=°)bcct¡1)]1¡¾

corresponds to the case mc = 1 and ac = 0: Consumption being a perishable
good, such an assumption which implies that the stock of consumption com-
pletely depreciates within the period seems the most appropriate and will be
adopted in this paper. The case mc = 1 and ac ; bc 6= 0 corresponds to the spec-
i…cation adopted in Boldrin, Christiano and Fisher (2001). When it comes to
the stock of the real estate good, xh

t being interpreted as the stock of residential
real estate, given that, in contrast to perishable consumption, homes depreciate
slowly, it seems that choosing a value close to 1 for ah will be more appropriate.
As for bh; this parameter can be interpreted as the sensitivity of the stock of
residential real estate with respect to the consumption of real estate services.
The fraction of the real estate good given by (1 ¡ bh)hr

t can thus be seen as
consumption of real estate services that have no impact on the stock of housing
such as expenditures related to maintenance. In contrast, the fraction spent on
the real estate good given by bhhr

t allows the household to increase its stock of
housing. Given that constructing new homes is time consuming, we can think
that compared to the stock of a standard consumption good, adjusting the stock
of residential real estate will be particularly costly and so that bh will be low
in comparison with bc. Low values of bh will therefore imply that increasing
the stock of residential real estate require the agent to buy large amounts of
the real estate good and thus will capture the idea that increasing the stock of
residential real estate is costly.

4.2 The Problem of the Consumer
In the stationary economy, where detrended variables are denoted by lower case
letters9 , the representative household chooses each period its level of consump-
tion, ct ; how much of the real estate good, hr

t ; to buy from the real estate service
producer at the price zr

t , the number of hours to work in both sector, N e
t ; Nh

t ;
and how many equities of the real estate service producer, Sr

t+1; and of the
consumption good producer, Se

t+1; to hold. The equity price of the real estate
service producer and of the consumption good producer is denoted respectively
by pr

t and pe
t . A labor income W e

t N e
t and W e

t N e
t as well as a capital income,

represented by the dividends, de
t ; d

e
t ; are paid each period by both …rms to the

representative household. We assume for simplicity that leisure does not enter
in the utility function and that the household allocate a …xed fraction of its time
to either the real estate sector or the numeraire sector.

9 For example, detrended consumption is expressed as: ct = Ct=¡t
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The problem of the representative household is de…ned by the following
program:

M ax E0

( 1X

t=0

¯¤tut(ct ; xh
t ; hr

t ; xc
t )

)

s:t: Wh
t Nh

t +W e
t N e

t + Se
t (pe

t +de
t )+Sr

t (p
r
t +dr

t ) = ct+zr
t h

r
t +pe

t S
e
t+1+pr

t S
r
t+1 (3)

acxc
t + bcct = °xc

t+1 (4)

ahxh
t + bhhr

t = °xh
t+1 (5)

tr = lrt + nr
t (6)

te = let + ne
t (7)

where tr and te denote initial endowments of time that the agent allocate to
each sector.

4.3 Asset Prices
The …rst-order conditions with respect to Se

t+1 and Sr
t+1 de…ne respectively the

dynamics of equity prices of the consumption good sector and equity prices of
the real estate sector.

Se
t+1 :

¸tpe
t = ¯¤Et¸t+1

£
de

t+1 + pe
t+1

¤
(8)

Sh
t+1 :

¸tpr
t = ¯¤Et¸t+1

£
dr

t+1 + pr
t+1

¤
(9)

where ¸t is the lagrange multiplier associated with constraint (3). These two
conditions are standard and can be interpreted using the central asset pricing
formula applied to equity prices. Given the payo¤ dt+1 + pt+1; and given the
investor’s consumption choice ¸t , this condition tells us what market price pt
to expect. ¸tpt is the loss in utility if the agent buys another unit of the asset;
¯ ¤Et¸t+1 [dt+1 + pt+1] is the increase in expected utility he or she obtains from
the extra payo¤ at t + 1: The agent continues to buy or sell the asset until the
marginal loss equals the marginal gain 1 0 .

The conditions describing the dynamics of the stock of residential real estate
and of the stock of numeraire consumption are given by:

xh
t+1 :

Áh
t = ē¤

ahEtÁh
t+1 + ē¤ @ut+1(ct+1; xh

t+1; hr
t+1; xc

t+1)
@xh

t+1
(10)

10 See Cochrane (2001) for a more detailed interpretaton of this condition
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xc
t+1 :

Ác
t = ē¤

acEtÁc
t+1 + ē¤ @ut+1(ct+1; xh

t+1; hr
t+1; xc

t+1)
@xc

t+1
(11)

where Áh
t and Ác

t are the lagrange multipliers associated with constraints (4)
and (5). Áh

t and Ác
t can alternatively be interpreted as the shadow price of re-

spectively residential real estate and of the stock of numeraire consumption. As
shown in the technical appendix (section 11.5), exploiting the equivalence be-
tween the competitive equilibrium and the problem of the social planner allows
us to derive two equivalent de…nitions of house prices. House prices can, …rstly,
be de…ned as the relative shadow price of residential real estate with respect to
the stock of numeraire consumption:

ph
t =

Áh
t

Ác
t

(12)

or equivalently as the in…nite discounted sum of future expected marginal utility
of residential real estate [see equation (64) in the technical appendix]11 .

As for equation (10) and (11), compared to the previous conditions describing
the evolution of equity prices, the subjective time discount factor attached to the
above conditions ē¤

is adjusted such as to account for the fact that in contrast
to the stock of equity which is …xed, the stock of residential real estate and of
numeraire consumption vary over the business cycle. The implication of this
de…nition in terms of the dynamics of house prices and its sensitivity to the
parameter values describing the law of motion of the stock of habit and of the
stock of residential real estate will be discussed later.

4.4 The Problem of the Firms
This section describes the problem of the two representative …rms in both the
numeraire and the real estate sector. Compared to the standard model [see
King, Plosser and Rebelo (1989)], we introduce capital adjustment cost in both
sectors and land is owned by the …rms in the real estate sector. The two …nal
goods produced by the economy are a numeraire consumption good in the non-
residential sector and a composite real estate good in the residential sector.

4.4.1 The Numeraire Sector

In each period, the numeraire good producer has to decide how much labor
to hire, N e

t , how many units of land, hc
t ; to rent from the real estate service

producer and how much to invest, ie
t : Managers maximize the value of the …rm

11 where the marginal utility of residential real estate is given by:

@ut(ct; xht ; h
r
t ; x
c
t)

@xht
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to its owners, the representative agent, and is equal the present discounted value
of all current and expected cash ‡ows de

t :

M ax E0

1X

t=0

¯¤t¸tde
t

with:
de

t = ye
t ¡ W e

t N e
t ¡ zc

t hc
t ¡ iet (13)

and where ¯¤t¸t is the marginal rate of substitution of the owner. ye
t denotes

output, W e
t the wage rate paid to the workers and zc

t the rental cost of land.
The …rm’s capital stock follows an intertemporal accumulation equation with
adjustment cost and varying rate of capital utilization:

(1 ¡ ±e)ke
t + ©e(

iet
ke

t
)ke

t = °ke
t+1 (14)

As in Baxter and Crucini (1993), the parameters of the capital adjustment
costs function ©e( ie

t
ke

t
) are set so that the model with adjustments costs has the

same steady state as the model without adjustments costs and it is assumed
that near the steady state point: ©e > 0; ©e0 > 0 and ©e00 < 0. This captures
the idea that increasing the capital stock rapidly is more costly than changing
it slowly. The numeraire sector require the use of labor, N e

t , capital, ke
t ; and

land, hc
t : The good is produced via Cobb-Douglas production function:

ye
t = Atke

t
»N e ®

t hc 1¡®¡»
t (15)

where At is the standard random productivity shock variable that can be
interpreted as a temporary displacement to total factor productivity, and which
is identical across sector.

The …rst-order conditions are presented in the technical appendix (see section
11.4).

4.4.2 The Real Estate Sector

The problem of the real estate good producer is similar to the problem of the
numeraire good producer. The use of labor, N r

t ; and residential structures, kr
t ;

is required to produce the composite real estate good and the …rm is endowed
with a …xed amount of land that is rented to the numeraire good producer at
the rental price zc

t : The dividend of the …rm producing the real estate good,
expressed in nominal terms, is given by:

dr
t = zr

t y
r
t + zc

t h
c
t ¡ zr

t i
r
t ¡ W r

t N r
t (16)

The production function is given by:

yr
t = Atkr

t
½N r 1¡½

t (17)
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The problem of the real estate service producer can be described by the
following program:

M ax E0

1X

t=0

¯¤t¸tdr
t

s:t: dr
t = zr

t y
r
t + zc

t h
c ¡ zr

t irt ¡ W r
t N r

t

(1 ¡ ±r)kr
t + ©r(

irt
kr

t
)kr

t = °kr
t+1

where the subscript r denotes variables used to describe the real estate sector.
The …rst-order conditions are presented in the technical appendix (see section
11.3).

5 Market Clearing Conditions
The quantity of equity supplied by each sector being constant and normalizing
it to one, in each sector, the market clearing condition on the equity market are:

Sr
t = Sr

t+1 = 1 (18)

and:

Se
t = Se

t+1 = 1 (19)

for the real estate sector and for the numeraire sector.
As far as the labor market is concerned, since utility is strictly increasing

in the consumption good and in the real estate good and leisure does not yield
utility, in equilibrium, we will have:

N e
t = N e (20)

and:

N r
t = N r (21)

So labour will be supplied inelastically by the representative household.
Finally market clearing in the numeraire sector implies that:

ye
t = ct + iet (22)

and similarly, in the real estate sector, we have that:

yr
t = hr

t + ir
t (23)
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6 Risk Premiums
As far as the risk premiums are concerned, as shown by Jermann (1994), the
conditional expected return of a claim to a dividend that will be paid in k
periods can be expressed as:

Et (Rt;t+1 [Dt+k ]) = Rt;t+1 [1t+1] £ exp [¡covt(¸t+1; Et+1¸t+k ¡ ¸t+1)](24)
£ exp [¡covt(¸t+1; Et+1dt+k )]

where Dt+k denotes the payo¤ associated with an asset o¤ering a gross
return of Rt;t+1 [Dt+k], ¸t+k and dt+k the marginal utility of consumption and
dividends in logs. The …rst term represents the return to holding a one-period
bond until maturity, i:e:; the risk free rate. The second term can be thought of
as a holding or term premium for a k-periods discount bond that depends on the
term structure of interest rates. If one expects capital gains as a consequence of
lower interest rates when consumption is high, then this unfavorable correlation
has to be compensated by a positive risk premium. The last element, the payout
uncertainty premium, is linked to a possible capital gain or loss at time t +1: If
capital gains are negatively correlated with the valuation, then a risk premium
is needed to compensate the investor for the undesirable cyclical property of
this asset. The above formula can be rewritten as:

Et (Rt+1 [Dt+k]) = Rt;t+1 [1t+1] exp(´h(k) + ´p(k)) (25)

where Rt;t+1 [1t+1] is the risk free rate, ´h(k) the term premium and ´p(k) the
payout uncertainty premium.

Using this formulation, and considering an asset which represents a claim to
an in…nite sequence of dividends:

Vt [fDt+kg1
k=1] =

1X

k=1

Vt [Dt+k ]

the expected return of a common stock can be derived and is given by:

Et (Rt;t+1 [fDt+kg1
k=1]) = Rt;t+1 [1t+1]

1X

k=1

wt [Dt+k ] exp(´h(k) + ´p(k)) (26)

with wt [Dt+k ] being the portfolio weight attached to the date t +k dividend
strip return. The equity premium is therefore given by:

RP [fDt+kg1
k=1] = ln

( 1X

k=1

wt [Dt+k] exp(´h(k) + ´p(k))

)
(27)

using the de…nition of dividends in the real estate sector given earlier, this
framework can be used to derive a similar relation for real estate returns (see
the technical appendix, section 11.10).
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7 Calibration
The objective of the quantitative evaluation is to derive the theoretical moments
implied by the model and to compare them to the set of stylized facts presented
earlier. The calibration is carried out in two steps. A …rst set of parameters is
chosen based on National Income Account data, following the standard in the
business cycle literature. A second set of parameters, for which precise a priori
knowledge is weak, is chosen to maximize the model’s ability to replicate the
set of business cycle and asset prices moments.

² Long -run behavior

A …rst set of parameters is chosen to match long-run model behavior. These
parameters do not signi…cantly a¤ect the model dynamics and standard values
are used. The share of consumption in the utility function · is set to 1/2. As
in Jermann (1998), the quarterly trend growth rate ° is 1.005, and the capital
depreciation rate ±e is 0.025. In order to maximize the model’s ability to repli-
cate the low risk free rate, the modi…ed discount factor ¯ is set to 0.9975. The
constant labor share in the Cobb-Douglas production function of the numeraire
good producer ® is 0.66, the capital share » is 0.23 which implies a share of
land of 0:11: As for the production function of the real estate service producer,
the residential structures share is …xed to 0.13. Following Davis and Heathcote
(2003), the rate of depreciation of residential structure, ±r ; is 0:004:

² Aggregate output

Aggregate output is de…ned as the weighted average of output in both sec-
tors. Using data on the component of value added by industry, we set the share
of the real estate sector to 0:15:

² Technology shocks

The parameters describing the technology shocks are chosen such as to repli-
cate U.S. postwar quarterly output growth volatility. The standard deviation
of the shock innovation ¾2

" is 1.15 percent. The persistence parameter ½A is 1:

² Coe¢cient of risk aversion

Estimates for this parameter go from about 2 in Friend and Blume (1975)
to values as high as 21 in Campbell (1993). In Mehra and Prescott (1985), it is
argued that values for this parameter ranging from 1 to 10 could be considered
as reasonable. Drawing on Kocherlakota (1996)’s review, we use ¾ = 3.

² Habit Formation vs Durability

Following many studies [see Jermann (1998); Boldrin, Christiano and Fisher
(2001); Fuhrer (2000)], we assume habit formation in consumption and set mc

to -1. As for real estate, given the speci…cation adopted, where in contrast to
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the consumption good, the stock of residential real estate does not depreciate
completely within the period, we assume that utility is derived from both the
consumption of the composite real estate good hr

t and the current stock of real
estate xh

t : We thus set mh to ¡1, which is equivalent to assume durability in
real estate.

² Habit persistence and accumulation of residential real estate

Given that the empirical literature do not seem to o¤er much precise guid-
ance when it comes to calibrating habit formation and the accumulation of
residential housing stock, we make use of the economic interpretation of these
parameters to choose their values (see sections 4.1 and 8.2). Following Jermann
(1998), we set ac to 0 and bc to 0:82. As far as the equation describing the
accumulation of residential housing is concerned, in our benchmark calibration,
ah is 0:995; the depreciation rate of residential real estate is thus 0:005: The
parameter bh is set to 0:004:

² Capital adjustment costs

As in Baxter and Crucini (1993), the parameters of the capital adjustment
costs function Á( it

kt
) are set so that the model with adjustments costs has the

same steady state as the model without adjustments costs and it is assumed
that near the steady state point: Á > 0; Á0 > 0 and Á00 < 0. This captures the
idea that increasing the capital stock is costly. As a result, to reach a given
level of capital stock, compared to the situation without adjustment cost, more
investment will be necessary as the adjustment cost function imply that part
of the increase in investment is wasted. The parameter c represents a measure
of the curvature of the adjustment cost function (see the technical appendix,
section 11.6). Thus, the higher c the higher is the marginal cost of increasing the
investment to capital ratio. For the non-residential sector, we set ce to 1/0.36
and cr to 0.13 for the real estate sector. These parameter values are discussed
below.

7.1 Comparing Parameter Values
When possible, the calibration that is used to generate the results follows the
one adopted in existing studies. The parameter values that are chosen in the
non-residential sector and the driving process are similar to the one used in
Jermann (1998).

² The non-residential sector

Real Rigidities12

ac bc ce

Jermann (1998) 0 0:82 1=0:23
Two-sector model 0 0:82 1=0:36

12 where ac,bc and ce denote respectively the persistence of habit formation, the persistence
of consumption and the elasticity of the capital adjustment cost function.
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Long-run behavior and risk aversion13

¯1¡¾ ±e ° » ® ¾
Jermann (1998) 0:99 0:025 1:005 1=3 2=3 5
Two-sector model 0:9876 0:025 1:005 0:23 2=3 3

² The driving process

Productivity Shocks1 4

¾2
" ½A

Jermann (1998) 0:01 0:99
Two-sector model 0:0115 1

As far as the capital share » is concerned, the di¤erence is due to the fact that
in our setting there is an additional production factor, land. As for the driving
force, the values that are used for the shock innovation and the persistence
parameter are slightly larger, which will allow us to match the volatility of
output more accurately. As for ¯1¡¾ and ce the di¤erences in calibration arise
from the fact that in Jermann (1998), following Mehra and Prescott (1985), the
risk free rate and the average equity premium to be reproduced by the model
are 0:81% and 6:18% whereas in our sample 1:45% is found for the risk free rate
and 5:96% for the equity premium. To account for these facts, a slightly lower
value for the adjustment cost parameter and for the modi…ed discount factor
are needed.

As for the real estate sector, when available, we choose parameter values
very similar to what is done in Davis and Heathcote (2003). ±r is 0:04; the
labor share parameter 1 ¡ ½, given that the real estate sector is more labor
intensive than the residential sector is chosen so that 1 ¡ ½ > ® in order to
capture this fact, and is set to 0.87. The share of land 1 ¡®¡ » is 0:11: In Davis
and Heathcote (2003) where real estate developers combine land and residential
structures to produce new houses, the share of land is 10.6. As far as the
equation describing the accumulation of residential housing is concerned, in
our benchmark calibration, ah is 0:995; the depreciation rate for houses is thus
0:005; and bh is 0:004: This calibration therefore implies that residential real
estate depreciates slightly faster than residential structure (±h = 0:004), which
can be justi…ed by saying that once houses are occupied, the value of existing
homes is likely to depreciate faster. Finally, a low value for cr is chosen in order
to account for the high volatility of residential investment. The small value used
for bh is aimed at capturing the fact that, in contrast to the stock of numeraire
consumption, increasing the stock of residential real estate is costly.

13 where ¯1¡¾; ±e; °; »; ® and ¾ denote the modi…ed discount factor, the rate of capital
depreciation, the quaterly trend growth rate, the capital and the labor share in the production
function and risk aversion.

14 where ¾2" is standard deviation of the shock innovation and ½A the persistence parameter.
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8 Simulations and Results
Following the real business cycle literature, one way of evaluating the prediction
of a model is to compare moments that summarize the actual experience of
an economy with similar moments from the model. Table 3 reports summary
statistics on HP-…ltered cyclical components of key variables for simulations
of the model driven by technology shocks. The following table presents the
simulation results by showing the moments generated by the model that can be
compared with the empirical moments shown earlier and that are repeated to
facilitate comparisons.

Table 3: Theoretical Moments1 5 vs Empirical Moments

Empirical
Moments ¾bxt

¾bxt
¾byT

t

corr(bxt ; byT
t )

byT
t 1.58 1 1
bct 1.28 0.81 0.85
birt 10.52 6.66 0.73
binr

t 5.03 3.18 0.80
bph

t 2.16 1.37 0.65
bpe

t 11.53 7.3 0.44
bpr

t 11.9 7.53 0.46

Theoretical
Moments ¾ bxt

¾ bxt
¾byT

t

corr(bxt; byT
t )

byT
t 1.58 1 1

bct 1.41 0.89 0.92
birt 10.61 6.73 0.75
binr

t 4.21 2.67 0.73
bph

t 2.16 1.37 0.66
bpe

t 11.92 7.56 0.70
bpr

t 11.00 6.98 0.64

Table 4: Theoretical vs Empirical Risk Premiums16

Empirical Risk Premium
(Annualized%)

Theoretical Risk Premium
(Annualized%)

¼e 5:96 5:96
¼r 5:84 5:65

Table 5: Theoretical vs Empirical Risk Free Rate1 7

Empirical Risk Free Rate
(Annualized%)

Theoretical Risk Free Rate
(Annualized%)

rf 1:45 1:33

15 Log linear business cycle moments are the average over 5000 simulations
16 The risk premiums are the average over 200 simulations, each 3000 periods long.
17 The risk free rate is computed as the average of ten sample where in each sample 100000

observations have been simulated.
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8.1 Residential and Non-residential Investment
As we can see in table 3, the model is able to account for the high volatility of
residential investment and the fact that it is more than twice as volatile as non-
residential investment. As in Davis and Heathcote (2003), introducing di¤erent
depreciation rates for non-residential capital and residential structures largely
contributes to account for these di¤erences in volatility. By implying a higher
real rate of return, slower depreciation in the real estate sector gives more incen-
tives to invest in booms when productivity is high whereas in recession the fact
that existing structures depreciate more slowly, implies that …rms need to save a
smaller fraction of output in order to maximize their dividend path. Adding low
adjustment costs allows us to accurately match the observed volatility of resi-
dential investment. While the volatility of non-residential investment is slightly
underestimated, the model is still able to correctly predict that non-residential
investment is more than twice as volatile as output.

8.2 House Prices
As can be seen in table 3, the model is able to explain the fact that house prices
are more volatile than output and the correlation between house prices and
output is accurately reproduced. In contrast to most studies on the subject, it
is possible to reproduce these two stylized facts in a model where the volatility of
residential investment, the volatility of REIT price index and the risk premium
on real estate returns are also accurately reproduced.

The mechanism driving the dynamics of house prices work as follows. Since
house prices can be interpreted as the relative shadow price of the stock of
residential real estate with respect to the stock of numeraire consumption (see
section 11.5), house prices will depend on the parameters describing the accu-
mulation of both stocks. In the case of the stock of consumption, ac; being equal
to 0 implies that the stock of habit completely depreciates from one period to
the other, which therefore implies that numeraire consumption is a perishable
good that cannot be stored more than one period. Second, ah being equal to
0:995; indicates that while numeraire consumption completely depreciates, the
rate of depreciation of real estate is very low.

In the case of real estate, with bh equal to 0:004 ; current consumption of
residential real estate services only allows to increase the stock of residential
real estate by a small amount. Increasing the stock of residential real estate is
therefore costly and requires the agent to buy a lot of the composite real estate
good. In contrast, the large value of bc; which is set to 0:82; captures the fact
that increasing the stock of the consumption good is not very costly.

As shown in the picture below, the stock of habit and residential real estate
being both predetermined variables, these di¤erences imply that, compared with
numeraire consumption, the stock of residential real estate will respond more
gradually to technology shocks.
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As a result, the relative demand of residential real estate with respect to the
stock of numeraire consumption will be negatively a¤ected and the agent will
start to accumulate more of the consumption good relatively to residential real
estate in response to a productivity shock. A rise in the stock of habit having a
positive impact on marginal utility of consumption, in response to a shock, the
shadow price of numeraire consumption decreases to signal that this high level of
habit harms the agent. In contrast, the sensitivity of the stock of residential real
estate with respect to housing services being moderate, as the economy becomes
more productive, since the stock of residential real estate increases much slower
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than the stock of habit, the decline in the shadow price of residential real estate
will be less pronounced. As a result, as shown in the following picture, house
prices, as measures by the relative price of the stock of residential real estate
with respect to numeraire consumption, respond positively.
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To sum up, the key ingredients generating the high volatility of house prices
are, …rstly, the fact that numeraire consumption is a perishable good and so that
it depreciates completely within the period and that, in contrast, the rate of
depreciation of homes is very low; and second, that it is more costly to increase
the stock of residential real estate, bh being small compared to bc . The fact
that the stock of residential real estate depreciates slowly and that it is costly
to increase it, leads the agent to accumulate numeraire consumption faster in
response to a technology shock. The marginal utility of the stock of habit being
negative, the relative shadow price of numeraire consumption rise to signal to
the agent that the stock of numeraire consumption is too high compared to the
stock of residential real estate. The rise in house prices is therefore due to the
fact that optimality requires the agent to start accumulating more residential
real estate compared to numeraire consumption.

8.3 Real Estate Returns and the Equity Premium
As far as modelling the non-residential sector is concerned, while in the model
the numeraire sector is meant to represent the entire economy excluding real
estate, a diversi…ed global market index such as the MSCI equity index is chosen
as a proxy. As for the real estate sector, the behavior of equity prices is compared
with a real estate investment trust index, the NAREIT index, described earlier.

As far as the dynamics of equity prices is concerned, as shown in table
3, the model is able to account for the high observed volatility of both the
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market index, bpe
t ; and the real estate investment trust price index, bpr

t ; and
correctly predicts that equity prices in both sectors are more than seven times
as volatile as output. As for returns, as in Jermann (1998), the combination
of high capital adjustment costs and habit formation in consumption allows
the model to explain simultaneously the high equity premium on both sectors
returns and the low risk free rate using a coe¢cient of risk aversion which is in
line with the empirical evidence.

As shown by the decomposition of the risk premiums (see the technical ap-
pendix, section 11.11), in both cases the term premium represents the main
source of riskiness. This is due to the combination of high adjustment costs and
habit formation. By causing, …rstly, a reduction in the potential for intertem-
poral substitution and, secondly, an increase in the consumer’s willingness to
smooth consumption, habit formation and capital adjustment cost imply that
a lower real interest rate is needed to induce the agent to save. The resulting
negative impact on the real interest rate in response to an increase in productiv-
ity, which in turn will have a positive impact on prices, signi…cantly contributes
to increase the risk premiums on both real estate and equity returns, as this
unfavorable correlation has to be compensated by a larger risk premium. The
introduction of land, by implying a smaller share of capital in the production
function and thus that less capital is needed, when combined with habit forma-
tion and capital adjustment costs also helps to reinforce this latter e¤ect.

In terms of the questions stated in section 3, the success of the model to
account simultaneously for the equity premium and the risk premium on real
estate returns, while allowing to explain investment dynamics, therefore stems
from the fact that land, in addition to habit formation and capital adjustment
costs, has been introduced. In response to a productivity shock, the quantity of
land being …xed, a rise in output in the numeraire sector causes the marginal
productivity of land to increase. Land being rented to the …rms in the numeraire
sector, this positive e¤ect of land on dividends of the real estate …rm allows to
dampen the negative e¤ect due to the highly procyclical response of residential
investment and therefore helps to increase the payout uncertainty premium.
As a result, introducing land in the analysis allows to increase the riskiness
of dividends in the real estate sector and therefore contributes to explain why
despite the fact that residential investment is considerably more volatile than
non-residential investment, real estate returns and equity returns are almost
identical.

As explained earlier, the impact of land on real estate returns operates
mainly through the term premium by increasing the sensitivity of prices to
interest rates variations. To quantify this impact, setting the share of land to
0 would lead the risk premium on real estate returns to drop from 5:65% to
3:43%:
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9 Conclusion
The main contribution of this paper is to develop an extended version of the
neoclassical model that allows to study the link between real estate returns,
house prices and the business cycle within the same framework. Compared
to the existing literature, the advantage of this approach is that it allows to
reproduce a large set of business cycle as well as asset market facts using only
one single aggregate technology shock.

In terms of the objectives stated in the introduction, it has been shown that
introducing habit formation and residential real estate in the utility function
provides an explanation for the puzzling volatility of house prices. The model
is also able to accurately reproduce the correlation between house prices and
output. The key ingredients are, …rstly, the fact that the consumption good
depreciates very fast and that, in contrast, the rate of depreciation of homes is
very low and secondly, that it takes time to increase the stock of residential real
estate. In contrast to most studies on the subject, it is possible to reproduce
this volatility and this correlation in a model where, in addition to the standard
stylized facts, the volatility of residential investment, the volatility of real estate
investment trust price index, the risk premium on real estate returns, the risk
free rate and the equity premium are also accurately reproduced.

As far as asset pricing implications are concerned, it has …rstly been shown
that the model is able to account simultaneously for the puzzling equity pre-
mium [see Mehra and Prescott (1985)] and for the risk premium on real estate
returns. Secondly, in terms of the questions stated in section 3, it has been
shown that introducing land in the analysis allows to increase the riskiness of
dividends in the real estate sector and therefore contributes to explain why
despite the fact that residential investment is considerably more volatile than
non-residential investment, real estate returns and equity returns are almost
identical. Introducing land in the production function of the non-residential
sector also helps to explain the high observed risk premiums by increasing the
sensitivity of equity prices in both sectors to interest rate variations.

A main direction of future work will be to develop the implications of the
analysis in terms of optimal portfolio allocation. Residential real estate being a
major component of household wealth, general equilibrium predictions for the
evolution of the share of housing over the business cycle could be exploited in
tests of the model.
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11 Technical Appendix
11.1 The Transformed Model
Following Burside C., Eichenbaum M., Rebelo S. (1995) this more general ver-
sion of the model allows for varying rate of utilization in both sector, ¿e and ¿ r

denoting respectively the rate of utilization of the capital stock and of residential
structures.

The representative agent maximizes expected lifetime utility given by:

U = E0

( 1X

t=0

¯tUt(Ct ;Xh
t ; Hr

t ; Xc
t )

)

where:

Ut(Ct ; Xh
t ; Hr

t ; Hc
t ) =

1
1 ¡ ¾

£
(Ct ¡ mcXc

t )
·(Hr

t ¡ mhXh
t )1¡·¤1¡¾

and the production functions in both sectors are given by:

Y e
t = At(¿e

t K
e
t )»(¡tN e

t )®Hc 1¡®¡»
t (28)

and:
Y r

t = At(¿r
t Kr

t )½(¡tN r
t )1¡½ (29)

To ensure steady state growth, technical progress (¡t) is introduced and is
assumed to take a labor augmenting form [see King, Plosser and Rebelo (2002)].
The deterministic component of growth is given by:

¡t+1

¡t
= ° (30)

To derive the stationary model, all variables have thus to be detrended and
written in terms of variables that are constant in the steady state: ye

t = Y e
t =¡t ;

yh
t = Y h

t =¡t ; hr
t = Hr

t =¡t ; ct = Ct=¡t ; iet = Ir
t =¡t ; inr

t = Inr
t =¡t; ke

t = K e
t =¡t ;

kh
t = Kh=¡t ; phr

t = Phr
t =¡t ; pe

t = P e
t ==¡t; pr

t = P r
t =¡t; xc

t = Xc
t =¡t ; xh

t =
Xh

t =¡t :
The problem of the consumer can be written in terms of stationary variables

as:

U = E0

( 1X

t=0

¯t(¡0°t)1¡¾ 1
1 ¡ ¾

£
(ct ¡ mcxc

t )
·(hr

t ¡ mhxh
t )1¡·¤1¡¾

)
(31)

Similarly, the constraints can be de…ned in stationary terms as:

Wh
t Nh

t +W e
t N e

t + Se
t (pe

t +de
t)+Sr

t (pr
t +dr

t) = ct + zr
t hr

t +pe
t Se

t+1 +pr
t Sr

t+1 (32)
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°xc
t+1 = acxc

t + bcct (33)

°xh
t+1 = ahxh

t + bhhr
t (34)

De…ning ¯¤ = ¯°1¡¾ and using the fact that ¡t = ¡0° t allows to put the
problem into the form given in the text.

11.2 The Problem of the consumer

The Lagrangian for the problem of the representative consumer is given by :

L = Eo

( 1X

t=0

¯¤t
·
(ct ¡ mcxc

t)·(hr
t ¡ mhxh

t )1¡·

1 ¡ ¾

¸1¡¾

+
1X

t=0

¯¤t¸t
£
Se

t (pe
t + de

t) + Sh
t (ph

t + dh
t ) ¡ ct ¡ zr

t h
r
t ¡ pe

t S
e
t+1 ¡ pr

t S
r
t+1 + W r

t N r
t + W e

t N e
t
¤

+
1X

t=0

¯¤tÁc
t

£
acxc

t + bcct ¡ °xc
t+1

¤
+

1X

t=0

¯¤tÁt
h

£
ahxh

t + bhht ¡ °xh
t+1

¤
)

11.2.1 The First-order Conditions

ct :
·(ct ¡ mcxc

t )
·(1¡¾)¡1(hr

t ¡ mhxh
t )(1¡·)(1¡¾) + bcÁc

t = ¸t (35)

hr
t :

(1 ¡ ·)(ct ¡ mcxc
t )

·(1¡¾)(hr
t ¡ mhxh

t )(1¡·)(1¡¾)¡1 + bhÁh
t = ¸tzr

t (36)

Se
t+1 :

¸tpe
t = ¯¤Et¸t+1

£
de

t+1 + pe
t+1

¤
(37)

Sh
t+1 :

¸tpr
t = ¯¤Et¸t+1

£
dr

t+1 + pr
t+1

¤
(38)

xc
t+1 :

Ác
t = ē¤

acEtÁc
t+1 ¡ ē¤

mc·Et(ct+1 ¡mcxc
t+1)

·(1¡¾)¡1(hr
t+1 ¡mhxh

t+1)
(1¡·)(1¡¾)

(39)
xh

t+1 :

Át
h = ē¤

ahEtÁh
t+1+ē¤

mh(1¡·)Et(ct+1¡mcxc
t+1)

·(1¡¾)(hr
t+1¡mhxh

t+1)
(1¡·)(1¡¾)¡1

(40)
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11.3 The Problem of the Real Estate Service Producer
The problem of the real estate good producer is similar to the problem of the
numeraire good producer. The use of labor, N r

t ; and residential structures, kr
t ;

is required to produce the composite real estate good and the …rm is endowed
with a …xed amount of land that is rented to the numeraire good producer at
the rental price zc

t : The dividend of the …rm producing the real estate good is
given by:

dr
t = zr

t y
r
t + zc

t h
c ¡ zr

t i
r
t ¡ W r

t N r
t (41)

where zr
t denotes the price of output produced in the real estate sector and

the price of the real estate investment good. The production function is given
by:

yr
t = At(¿ r

t k
r
t )

½N r 1¡½
t (42)

The problem of the real estate service producer can be described by the
following program:

M ax
1X

t=0

¯¤t¸tdr
t

s:t: dr
t = zr

t y
r
t + zc

t h
c
t ¡ zr

t irt ¡ W r
t N r

t (43)

[1 ¡ ±r(¿r
t )] k

r
t + ©r(

ir
t

kr
t
)kr

t = °kr
t+1 (44)

where the subscript r denotes variables used to describe the real estate sector
The Lagrangian associated with this problem is:

L = E0

( 1X

t=0

¯¤t¸tzr
t

·
At(¿ tkt)½N 1¡½

t +
zc

t
zr

t
hc

t ¡ ir
t ¡ W r

t
zr

t
N r

t

¸

1X

t=0

¯¤t¹t

·
[1 ¡ ±r(¿r

t )] k
r
t + ©r(

ir
t

kr
t
)kr

t ¡ °kr
t+1

¸)
(45)

where zr
t denotes the price of real estate services.

11.3.1 The First-order Conditions

irt :

¸tzr
t = ¹t©

r0(
ir
t

kr
t
) (46)

N r
t :

W r
t = zr

t (1 ¡ ½)
yr

t

N r
t

(47)
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kr
t+1 :

¹t = ē¤
Et¸t+1zr

t+1½
yr

t+1

kr
t+1

+ē¤
Et¹t+1

·¡
1 ¡ ±r(¿r

t+1)
¢

¡ ©r 0
µ

ir
t+1

kr
t+1

¶
ir
t+1

kr
t+1

+ ©r
µ

irt+1

kr
t+1

¶¸

(48)
¿r

t :

¸tzr
t ½

yr
t

¿r
t

= ±r 0(¿ r
t )k

r
t ¹t (49)

¹t :

[1 ¡ ±r(¿r
t )] kr

t + ©r(
ir
t

kr
t
)kr

t = °kr
t+1 (50)

11.4 The Problem of the Numeraire Consumption Pro-
ducer

Managers maximize the value of the …rm to its owners, the representative agent,
which is equal the present discounted value of all current and expected cash ‡ows
de

t :

E0

1X

t=0

¯ ¤t¸tde
t

with:
de

t = ye
t ¡ W e

t N e
t ¡ zc

t h
c
t ¡ iet (51)

and where ¯¤t¸t is the marginal rate of substitution of the owner. ye
t denotes

output, W e
t the wage rate paid to the workers and zc

t the rental cost of land.
The …rm’s capital stock obeys an intertemporal accumulation equation with
adjustment cost and varying rate of capital utilization:

[1 ¡ ±e(¿e
t )] ke

t + ©e(
iet
ke

t
)ke

t = °ke
t+1 (52)

As in Baxter and Crucini (1993), the parameters of the capital adjustment
costs function ©e( ie

t
ke

t
) are set so that the model with adjustments costs has the

same steady state as the model without adjustments costs and it is assumed
that near the steady state point: ©e > 0; ©e0 > 0 and ©e00 < 0. This captures
the idea that increasing the capital stock rapidly is more costly than changing
it slowly. The depreciation rate of capital ±e(¿e

t ) is positively a¤ected by the
rate of capital utilization ¿e

t ; which captures the idea that when capital is used
more intensively, it depreciates more rapidly [see Burnside, Eichenbaum and
Rebelo (1995), King and Rebelo (2000), Kydland and Prescott (1988)]. The
numeraire sector require the use of labor, N e

t , capital, ke
t ; and land, hc

t : The
good is produced via Cobb-Douglas production function:

The Lagrangian associated with this problem is:
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L = E0

( 1X

t=0

¯¤t¸t

h
At(¿e

t k
e
t )

»N®
t hc 1¡®¡»

t ¡ W e
t N e

t ¡ zc
t h

c
t ¡ ie

t

i

1X

t=0

¯¤t't

·
[1 ¡ ±e(¿e

t )] k
e
t + ©e(

ie
t

ke
t
)ke

t ¡ °ke
t+1

¸)
(53)

11.4.1 The First-order Conditions

ie
t :

¸t = 't©
e 0(

iet
ke

) (54)

N e
t :

W e
t = ®

ye
t

N e
t

(55)

ke
t+1 :

't = ē¤
Et¸t+1»

ye
t+1

ke
t+1

+ē¤
Et't+1

·¡
1 ¡ ±e(¿e

t+1)
¢

¡ ©e 0
µ

ie
t+1

ke
t+1

¶
iet+1

ke
t+1

+ ©e
µ

iet+1

ke
t+1

¶¸

(56)

¿ e
t :

¸t»
ye

t
ke

t
= ±e 0(¿e

t )k
e
t 't (57)

't :

[1 ¡ ±e(¿e
t )] k

e
t + ©e(

iet
ke

t
)ke

t = °ke
t+1 (58)

11.5 The Problem of the Social Planner
Starting from (3) and abstracting from the dynamics of capital, substituting
out dividends using (13) and (16); and using the market clearing conditions
(18) and (19), the budget constraint can be expressed as:

zr
t yh

t + ye
t = ct + ie

t + zr
t hr

t + zr
t ir

t (59)

where zr
t denotes the relative price of the output good in the real estate

sector and where the price of the output good in the non-residential sector has
been normalized to one: Similarly, the constraint describing the evolution of the
stock of habit and of the stock of residential real estate corresponding to this
problem is:

°ph
t xh

t+1 + °xc
t+1 = bhph

t ht + ahph
t xh

t + acxc
t + bcct (60)

where ph
t is the relative price of the stock of residential real estate in terms of

the stock of numeraire consumption. The competitive equilibrium can thus be
equivalently stated as the following centralized problem:
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L = Eo

( 1X

t=0

¯¤t £
ut(ct ; xh

t ; hr
t ; x

c
t )

¤1¡¾
(61)

+
1X

t=0

¯¤t¸t
£
zr

t yh
t + ye

t ¡ ct ¡ iet ¡ zr
t hr

t ¡ zr
t ir

t
¤

1X

t=0

¯¤tÁt
£
bhph

t ht + ahph
t xh

t + acxc
t + bcct ¡ °ph

t xh
t+1 ¡ °xc

t+1
¤
)

which can be rewritten as:

L = Eo

( 1X

t=0

¯¤t £ut(ct ; xh
t ; hr

t ; x
c
t )

¤1¡¾
(62)

+
1X

t=0

¯¤t¸t [ye
t ¡ ct ¡ iet ] +

1X
¯¤t¸tzr

t
£
yh

t ¡ hr
t ¡ ir

t
¤

1X

t=0

¯¤tÁtph
t

£
bhht + ahxh

t ¡ °xh
t+1

¤
+

1X

t=0

¯¤tÁt
£
acxc

t + bcct ¡ °xc
t+1

¤
)

where ¸t; ¸tzr
t ; Átp

h
t and Át are the Lagrange multipliers attached to the

four constraints. The …rst-order condition with respect to xh
t+1 describing the

dynamics of house prices is:

ph
t Át = ē¤

ahEtph
t+1Át+1 + ē¤

Et
@ut+1(ct+1; xh

t+1;hr
t+1; xc

t+1)
@xt+1

(63)

solving forward, house prices can be expressed as18 :

ph
t = ē¤

Et

1X

k=0

³
ē¤

ah
´k

0
@

u
0

xh
t+k+1

Át

1
A (64)

which is equivalent to the expression given in the text19 :

ph
t =

Áh
t

Ác
t

11.6 The Adjustment Cost Function
Following Jermann (1998), we choose the following parametric form:

Á(
i
k
) =

b
1 ¡ c

(
i
k

)1¡c + d (65)
18 where u0

xht
denotes the marginal utility of residential real estate.

19 The equivalence between the two de…nitions has been checked numerically.
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As in Baxter and Crucini (1993), the parameters are set so that the model
with adjustment costs has the same steady state as the model without adjust-
ment cost. This implies that:

Á(
i
k

) = ° ¡ (1 ¡ ±)

Á0(
i
k

) = 1

Á00(
i
k

) = ¡ c
° ¡ (1 ¡ ±)

(66)

11.7 Steady State and Linearization
The model can be linearized around a deterministic steady state. We now show
how the …rst-order condition with respect to consumption can be linearized
using the steady state restriction implied by the model.

·(ct ¡ mcxc
t )

·(1¡¾)¡1(hr
t ¡ mhxh

t )(1¡·)(1¡¾) + bcÁc
t = ¸t (67)

Using the fact that (4) and (5) imply that in the steady state:

xc = ´cc (68)

xh = ´hhr (69)

where:
´c =

bc

° ¡ ®c (70)

and:

´h =
bh

° ¡ ®h (71)

Then (39) in the steady state can be used to derive the following expression
for the steady state value of Ác :

Ác =
mc·¯¤(1 ¡ mc´c)·(1¡¾)¡1(1 ¡ mh´h)(1¡·)(1¡¾)c·(1¡¾)¡1hr (1¡·)(1¡¾)

¯¤ac ¡ °
(72)

Next, total di¤erentiation of (35) gives the following expression:

·[·(1 ¡ ¾) ¡ 1](1 ¡ mc´c)·(1¡¾)¡2c·(1¡¾)¡2(1 ¡ mh´h)(1¡·)(1¡¾)hr (1¡·)(1¡¾)dct (73)
+[·(1 ¡ ¾)(1 ¡ ·)](1 ¡ mc´c)·(1¡¾)¡1c·(1¡¾)¡1(1 ¡ mh´h)(1¡·)(1¡¾)¡1hr (1¡·)(1¡¾)¡1dht

¡·[·(1 ¡ ¾) ¡ 1]mc(1 ¡ mc´c)·(1¡¾)¡2c·(1¡¾)¡2(1 ¡ mh´h)(1¡·)(1¡¾)hr (1¡·)(1¡¾)dxc
t

¡[·(1 ¡ ¾)(1 ¡ ·)]mh(1 ¡ mc´c)·(1¡¾)¡1c·(1¡¾)¡1(1 ¡ mh´h)(1¡·)(1¡¾)¡1hr (1¡·)(1¡¾)¡1dxh
t

+bcdÁc
t

= d¸t
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since in the steady state we have that:

·(1¡mc´c)·(1¡¾)¡1c·(1¡¾)¡1(1¡mh´h)(1¡·)(1¡¾)hr (1¡·)(1¡¾) +bcÁc = ¸ (74)

dividing (72) by (73) and using the expression computed earlier for Ác enable
us to derive the following log-linearized condition where bxt = xt¡x

x denotes
variables expressed in percentage deviation from steady state:

[·(1 ¡ ¾) ¡ 1](1 ¡ mc´c)¡1¨¡1
c bct + [(1 ¡ ¾)(1 ¡ ·)](1 ¡ mh´h)¡1¨¡1

c
bhr

t

¡[·(1 ¡ ¾) ¡ 1]mc´c(1 ¡ mc´c)¡1¨¡1
c bxc

t ¡ [(1 ¡ ¾)(1 ¡ ·)]mh´h(1 ¡ mh´h)¡1¨¡1
c bxh

t

+
mcbc¯¤

¯¤ac ¡ °
¨¡1

c
bÁc

t = b̧
t (75)

where:

¨¡1
c =

µ
1 +

bcmc¯¤

¯¤ac ¡ °

¶¡1

(76)

To simplify notation, we de…ne a set a constant to express the above condi-
tion as:

Ccbct + Chbhr
t = Cxcbxc

t + Cxh bxh
t ¡ CÁbÁt + b̧t (77)

11.8 The Dynamic System
Following the resolution method of King, Plosser and Rebelo (2002), the dy-
namic system is composed of two control variables ct and hr

t ; four control state
variables ke

t ; kh
t ;xc

t and xh
t , four co-state variables or shadow prices associated

to each of the four control state variables ¸t ; ¤t
2 0 ; Áh

t and Ác
t and one exogenous

state variable given by the random productivity shock At. The two remaining
multipliers associated with the adjustment costs constraints in the problem of
the two …rms 't and ¹t [see (44) and (52)] can be substituted out using the two
…rst-order conditions with respect to iet and iht ; given by (46) and (54). The
dynamic of the system is thus determined by a system of 8 equations and 8 un-
knowns ke

t ; kh
t ;xc

t ; xh
t ; ¸t ; ¤t ; Ác

t and Áh
t : The solution of the system implies the

computation of eight eigenvalues. Uniqueness of the solution and stability of the
system require that the eigenvalues associated with the predetermined variables
ke

t ; kh
t ; xc

t and xh
t are less than unity and that the eigenvalues associated with

the non-predetermined variables ¸t; ¤t; Ác
t and Áh

t are outside the unit circle.

² Equations linking the two control variables to the state variables21 :

Ccbct + Ch
bhr

t = Cxcbxc
t + Cxh bxh

t ¡ CÁ
bÁt + b̧

t (78)

Hcbct + Hhbhr
t = Hxcbxc

t + Hxhbxh
t ¡ H¹b¹t + b¤t (79)

20 where we de…ne zt¸t = ¤t
21 where as in (77) the parameters premultiplying the variables are function of the structural

parameters of the model.

35



² Equations linking the state variables to the co-state variables:

Real Estate sector:

¡b¤t+1+b¤t ¡Lhr
k1

bkh
t+1+Lhr

k
bkh

t = Lhr
A1

bAt+1+Lhr
A

bAt+Lhr
h1

bhhr
t+1¡Lhr

h
bhhr

t
(80)

°bkhr
t+1 + Khr

k
bkhr

t = K hr
A

bAt + Khr
hr

bhr
t (81)

Numeraire Sector:

¡b̧
t+1 + b̧

t ¡ Le
ke1

bke
t+1 + Le

kebke
t = Le

A1
bAt+1 + Le

A
bAt + Le

c1bct+1 ¡ Le
cbct (82)

°bke
t+1 + K e

k
bke

t = Ke
A

bAt + Ke
c
bhr

t (83)

Consumer:

Áxc1bxc
t+1 + Áxh1bxh

t+1 + ÁÁ1
bÁt+1 ¡ ÁÁ

bÁt = Ác1bct+1 + Áh1
bhr

t+1 (84)

°bxc
t+1 ¡ acbxc

t = (° ¡ ac)bct (85)

¹xc1bxc
t+1 + ¹xh1bxh

t+1 + ¹¹1b¹t+1 ¡ ¹¹b¹t = ¹c1bct+1 + ¹h1
bhr

t+1 (86)

°bxh
t+1 ¡ ah bxh

t = (° ¡ ah)bhr
t (87)

11.9 Dividends and Asset Prices
Dividends in the representative sector have been de…ned as:

de
t = ye

t ¡ W e
t N e

t ¡ ie
t ¡ zc

t h
c
t (88)

which can be rewritten as:

de
t = »ye

t ¡ ie
t (89)

A log-linearized expression for dividend can be derived:

bde
t = »(

de

ye )¡1bye
t ¡ (

de

ie )¡1biet (90)

where:

de

ye = » ¡ ie

ye (91)
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de

ie
= »(

ie

ye )¡1 ¡ 1 (92)

with:

ie

ke = ° ¡ (1 ¡ ±e) (93)

ie

ke =
ie

ye
ye

ke (94)

Dividends in the real estate sector de…ned in real terms are given by:

dh
t = yh

t ¡ Wh
t

zr
t

Nh
t ¡ iht +

zc
t

zr
t
hc

t (95)

which can be rewritten as:

dh
t = ½yh

t ¡ ih
t +

zc
t

zr
t
hc

t (96)

The log-linearized expression is:

bdh
t = ½(

dh

yh )¡1byh
t ¡ (

dh

ih
)¡1bih

t + (
dh

zchc )¡1 (bzc
t ¡ bzr

t ) (97)

where:
dh

yh = ½ ¡ (
ih

yh )¡1 +
(1 ¡ ® ¡ »)

zr
ye

yT (
yh

yT )¡1 (98)

dh

ih
= ½(

ih

yh )¡1 ¡ 1 +
(1 ¡ ® ¡ »)

zr (
ih

yh )¡1 ye

yT (
yh

yT )¡1 (99)

dh

zchc = ½(
ye

yT )¡1(
yh

yT )
zr

(1 ¡ ® ¡ »)
¡ (

ih

yh )(
ye

yT )¡1(
yh

yT )
zr

(1 ¡ ® ¡ »)
+ 1 (100)

zr =
(1 ¡ ·)

·
(1 ¡ mc´c)
(1 ¡ mh´h)

¨h

¨c
c
ye

yh

hr
ye

yT (
yh

yT )¡1 (101)

and where yh

yT denotes the share of the real estate sector in total output and
ye

yT = 1 ¡ yh

yT :
and with:

ih

kh = ° ¡ (1 ¡ ±h) (102)

yh

kh =
1 ¡ ē¤

(1 ¡ ±h)

½ ē¤ (103)

ih

kh
=

ih

yh

yh

kh
(104)
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11.10 The Risk Premium
Following Jermann (1998), expected returns can be de…ned as:

Et (Rt;t+1 [fDt+kg1
k=1]) = Rt;t+1 [1t+1]

1X

k=1

wt [Dt+k ] exp(´h(k) + ´p(k)) (105)

The solution of the model can be put into the state space form and repre-
sented by the following system:

St = MSt¡1 + "t (106)

Zt = ©St (107)

where the state is given by:

S 0
t = [bke

t
bkh

t bxc
t bxh

t
bAt] (108)

where Zt denotes a vector of variables depending on the state:

Z 0
t = [bde

t
bdh
t

b̧
t ] (109)

and where "t is a vector of random disturbances that are NIID(0; ¾2)
Using this solution method, dividends and marginal utility can be expressed

in terms of the state vector as:

bde
t = ldeZt = lde©St (110)

bdh
t = ldhZt = ldh©St (111)

b̧
t = l¸Zt = l¸©St (112)

De…ning the loading vectors as:

dde = lde© (113)

ddh = ldh© (114)

d¸ = l¸© (115)

expected returns can be solved and, in the case of the representative sector,
are given by:
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Et (Rt;t+1 [fDt+kg1
k=1]) =

1X

k=1

8
>>>>>>>>>>>><
>>>>>>>>>>>>:

¯¤ k exp

2
6664

d¸(Mk ¡ I)St + ddeM kSt + de + 1
2

kP
j=1

d¸Mk¡j§Mk¡j 0
d

0
¸

+
kP

j=1
d¸M k¡j§Mk¡j 0 d0

d + 1
2

kP
j=1

ddeM k¡j§Mk¡j 0 d0
de

3
7775

1P
k=1

¯¤ k exp

2
6664

d¸(Mk ¡ I)St + ddeMkSt + de + 1
2

kP
j=1

d¸Mk¡j§M k¡j 0
d

0
¸

+
kP

j=1
d¸Mk¡j§Mk¡j 0

d
0
d + 1

2

kP
j=1

ddeMk¡j§Mk¡j 0
d

0
de

3
7775

(116)

£ exp(´h(k) + ´p (k))
ª

where:
´h(k) = ¡d¸ ¢ § ¢ (M k¡1 ¡ I)0 ¢ d0

¸ (117)

´p(k) = ¡d¸ ¢ § ¢ M k¡10 ¢ d0
de (118)

with:
§ = E("t"

0
t) (119)

and where I is an identity matrix and de denotes the steady state level of
dividends2 2 .

22 Since the model gives solutions in log deviation from steady state and that the computa-
tion of the risk premium require log variables, this adjustment in the term de…ning the weights
is needed. The results are however independant of the value of de:
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11.11 Decomposition of the Equity Premium and of the
Real Estate Risk Premium
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